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Introduction 
• The fracture process is modeled by cohesive elements to study 
– Dynamic crack propagation 
– Fragmentation   
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Commonly used for 
crack propagation 
Dynamic phenomena 
(crack propagation due to 
impact, fragmentation) 
Introduction 
• Cohesive zone model is very appealing to model crack initiations in a 
numerical model 
 
– Model the separation of crack lips in brittle materials 










• The insertion of cohesive elements during the simulation is difficult to 
implement as it requires topological mesh modifications 
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– Extrinsic cohesive approach 
- + 
4 nodes 
Topological mesh modification 
Create new dofs (nodes) 
Difficult especially in //  
- 





• A recourse to an intrinsic cohesive law is generally done with FEM  
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– Intrinsic cohesive approach 
- 
+ 6 nodes 
Intrinsic cohesive law 
- 
+ 6 nodes 








• Intrinsic cohesive law leads to numerical problems [Seagraves et al 2010] 
 
 








– Crack propagation rate too high 
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Introduction 
• Use of extrinsic cohesive law is easier when coupled with DG but is only 
developed for 3D elements 
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+ 6 nodes 
Extrinsic cohesive law 
Substitution when 
fracture occurs 
– FEM (continuous Galerkin) 
- 
+ 6 nodes 
Intrinsic cohesive law 
- 
+ 6 nodes 











• Develop a discontinuous Galerkin method for shells 
 
– One-field formulation 
 
• Discontinuous Galerkin / Extrinsic Cohesive law framework 
 





– Fragmentations, crack propagations under blast loadings 
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Full-DG formulation of Kirchhoff-Love shells 
• The stress tensor 𝝈 is integrated on the thickness in the convected basis 
 
– Reduced stresses 




 𝑗𝝈 ⋅ 𝒈𝛼𝑑𝜉3
ℎ𝑚𝑎𝑥
ℎ𝑚𝑖𝑛
= 𝑛 𝛼𝛽 + 𝜆𝜇
𝛽




































Full-DG formulation of Kirchhoff-Love shells 
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Integration by parts  on the structure 
 
   𝑗𝒏𝛼 ⋅ 𝛿𝝋,𝛼 + 𝑗𝒎 
𝛼 ⋅ 𝜆ℎ𝛿𝒕,𝛼        
𝐴𝑒𝑒
− 𝑗𝒍 ⋅ 𝜆ℎ𝛿𝒕 𝑑𝐴 = 0 







Integration by parts  on each element 
(unusual on 𝒍) 
    𝑗𝒏𝛼
,𝛼
⋅ 𝛿𝝋 + 𝑗𝒎 𝛼
,𝛼
⋅ 𝜆ℎ𝛿𝒕    
𝐴𝑒𝑒




−   𝑗𝒏𝛼 ⋅ 𝛿𝝋𝜈𝛼
− + 𝑗𝒎 𝛼 ⋅ 𝜆ℎ𝛿𝒕𝜈𝛼
−  
𝜕𝐴𝑒





















 interface terms 
Full-DG formulation of Kirchhoff-Love shells 
• The equation of the full-DG formulation [Becker et al  cmame2011, Becker 












– Application of the DG method gives  2 Bulk, 2 consistency, 2 symmetrization 
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  𝑗𝒏𝛼
,𝛼
⋅ 𝛿𝝋 + 𝑗𝒎 𝛼
,𝛼















  𝑗𝒎 𝛼 ⋅ 𝜆ℎ𝛿𝒕 + 𝒕 ⋅ 𝑗𝜆ℎ𝒎 
















𝛿𝝋 ⋅ 𝒕         𝜈𝛼
−𝑑𝜕𝐴𝑒   = 0 
𝑠𝑠
 







Full-DG formulation of Kirchhoff-Love shells 
• A benchmark to prove the ability of the full-DG formulation to model  
continuous mechanics 
 
– J2-linear hardening (elasto-plastic large deformations) panel loaded 
dynamically (explicit Hulbert-Chung scheme) 
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Full-DG formulation of Kirchhoff-Love shells 
• A benchmark to prove the ability of the full-DG formulation to model  
continuous mechanics 
 
– J2-linear hardening (elasto-plastic large deformations) panel loaded 

































• Develop a discontinuous Galerkin method for shells 
 
– One-field formulation 
 
• Discontinuous Galerkin / Extrinsic Cohesive law framework 
 





– Fragmentations, crack propagations under blast loadings 
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Full-DG/ECL framework 
• There are 3 fracture modes in fracture mechanics 
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Full-DG/ECL framework 
• Only modes I and II can be modeled by Kirchhoff-Love theory  
 











– Model restricted to problems with negligible 3D effects at the crack tip 
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Full-DG/ECL framework 
• Fracture criterion based on an effective stress  
 
– Camacho & Ortiz Fracture criterion [Camacho et al ijss1996] 
 
  











+ 6 nodes 
Extrinsic cohesive law 
𝜎𝑒𝑓𝑓 > 𝜎𝑐 
𝜎 
Δ 
𝜎𝑒𝑓𝑓 =  
𝜎2 + 𝛽−2𝜏2 if 𝜎 ≥ 0
1
𝛽
≪ 𝜏 − 𝜇𝑐 𝜎  if 𝜎 < 0
 with 
𝜎𝑐 , 𝛽 and 𝜇𝑐 are material 
parameters 
Full-DG/ECL framework 
• The cohesive law is formulated in terms of an effective opening 
 
– Camacho & Ortiz Fracture criterion [Camacho et al ijss1996] 
 
  










Δ = 𝑢 + 𝛽2 𝑣  
Full-DG/ECL framework 
• The through-the-thickness crack propagation is not straightforward with 
shell elements 
 
– No elements on thickness 
 










Compression (no fracture) 
Discontinuity 
Continuity (Computation ?) 






















Fracture criterion is met 
 cohesive law 
Unreached fracture  
 bulk law 








• The cohesive law can be formulated in terms of reduced stresses  
 













– Similar concept suggested by Zavattieri [Zavattieri jam2006]  































• Define Δ⋆ and 𝑁 Δ⋆ , 𝑀(Δ⋆) to dissipate an energy equal to ℎ𝐺𝑐during the 
fracture process  [Becker et al ijnme2012, Becker et al ijf2012 ] 
 
– Integration on thickness 
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     N 
𝑁0 
Δ⋆ 





𝐺𝑁 + 𝐺𝑀 = ℎ𝐺𝑐 
• Using the superposition principle the energy released for any couple N,M 
is equal to hGc  [Becker et al ijnme2011] 
 






























𝑚 22 𝑚 
22 
𝛥𝐼
⋆ = 1 − 𝜂𝐼 𝛥𝑥 + 𝜂𝐼 ℎ𝐼



























– Coupling parameter 
Full-DG/ECL framework 
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Δ𝐼𝐼

































𝐺𝑇 + 𝐺𝑀𝑇 = ℎ𝛽𝐺𝑐  
Full-DG/ECL framework 
• The transition between uncracked to fully cracked body depends on Δ𝐸𝑖𝑛𝑡  
 










2𝐸𝑖𝑛𝑡𝑆𝐵𝐶  (𝑢𝑧) 
𝛥𝐸𝑖𝑛𝑡 (𝑢𝑧)  = 𝐸𝑖𝑛𝑡𝐷𝐶𝐵
 (𝑢𝑧)  −   2𝐸𝑖𝑛𝑡𝑆𝐵𝐶  (𝑢𝑧) 
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• The framework can model stable/unstable crack propagation 
– Geometry effect (no pre-strain)  
Full-DG/ECL framework 
Stable transition 
𝛥𝐸𝑖𝑛𝑡 (𝑢𝑧)  <  ℎ𝐺𝑐 
 
Unstable transition 
𝛥𝐸𝑖𝑛𝑡 (𝑢𝑧)  >  ℎ𝐺𝑐 
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Plan 
• Develop a discontinuous Galerkin method for shells 
 
– One-field formulation 
 
• Discontinuous Galerkin / Extrinsic Cohesive law framework 
 





– Fragmentations, crack propagations under blast loadings 
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Full-DG/ECL framework 
• A benchmark to investigate the fragmentation 
 
– Elastic plate ring loaded by a centrifugal force 
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60000 [rps] 
Full-DG/ECL framework 
• Fragmentation phenomena can also be studied by the full-DG/ECL 
framework 
– Results are compared with the literature [Zhou et al ijnme2004] 
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[Zhou et al ijnme2004] 
Applications of the DG/ECL framework 
• Application to the dynamic fragmentation of a sphere 
 
– Elastic sphere under radial uniform expansion  
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Applications of the DG/ECL framework 
• The distribution of fragments and the number of fragments are in 
agreement with the literature [Levy EPFL2010] 
– Levy uses 3D elements 
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𝜖 = 1𝑒4[s-1] 
𝜖 = 1𝑒5[s-1] 
𝜖 = 2𝑒4[s-1] 
𝜖 = 1𝑒4[s-1] 
2 588 265 Dofs 
±48h on 32 cpus 
(±17h for 𝜖 = 1𝑒5[s-1]) 
 
Applications of the DG/ECL framework 
• Blast of an axially notched elasto-plastic cylinder (large deformations) 




Applications of the DG/ECL framework 
• Accounting for plasticity allows capturing the crack speed 
 
– Compare with the literature [Larson et al ijnme2011] 
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556 080 Dofs  
±72h on 16 cpus 
Applications of the DG/ECL framework 
• Pressure wave passes through an axially notched elasto-plastic pipe 
(large deformations) 


























Applications of the DG/ECL framework 
• Crack path and speed are well captured by the framework 
 
– Compare with the literature  
      [Song et al jam2009] 
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Backward 
Forward 
224 256 Dofs 
±21 h on 12 cpus 
Conclusions 
• Full-DG / ECL framework allows accounting for fracture in dynamic 












–  Affordable computational time for large models (using // implementation)  
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Future work 








– Define the shape of the cohesive law 
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Future work 
• The benchmark shows encouraging perspectives 
 
– Linear damage theory 
 
 
– Fracture criterion 𝐷 > 𝐷𝑐 
 
 
– Cohesive shape 
 
 






𝐺𝑐 from the literature [Mazars et al ijss1996 ] 
Future work 
• The benchmark shows encouraging perspectives but many 
improvements are required 
 
 
– Non local  damage model 
 
 
– Account for stress triaxiality (and out-of-plane shearing) 
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Thank you for your attention 
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